A highly dispersive mirror for dispersion compensation in femtosecond lasers is designed by inverse spectral theory. The design of a simple quarter-wave Bragg reflector can be modified by moving the poles in the optical impedance found in the photonic stop band. These spectral quantities are used as independent variables in the numerical optimization because they have no effect on the location of the photonic stop band, and so the design requirements to obtain a high reflectivity and a specific delay spectrum are decoupled. The design was fabricated by ion-beam sputtering. A group delay dispersion of Ϫ300 fs 2 was measured over a bandwidth of 28 nm, with a remaining reflectivity of greater than 99% in this range. The mirrors were used to make two Ti:sapphire lasers with 10-and 4-mm-long crystals, both of which generated near-transform-limited pulses of 35-fs duration. Because of the high dispersion of the mirrors, the laser cavities needed only five and three bounces from the mirrors, thus keeping reflection losses to a minimum.
Introduction
Considerable advances have been made in ultrafast optics by use of specially designed multilayer mirrors. These mirrors can compensate the group delay dispersion ͑GDD͒ of materials used in lasers for generating gain or wavelength control. The most important features of the multilayer mirrors are the high reflectivity over a large bandwidth and the precise control of optical delay upon reflection for each wavelength within the large reflection band. These structures are likely to continue to play an important role in ultrafast engineering, and it is important to consider as many alternatives in their design and manufacture as possible.
As for the design, the development so far has followed the strategy of making an intuitive or reasonable guess about the structure of the multilayer and improving this starting point by making numerical refinements. The first structure used became known as the Gires-Tournois interferometer. It achieved dispersion by having an optical resonance near the wavelength at which a long delay is desired. The optical energy stored to build up the resonance is the source of the delay in this case, which is the simplest structure possible and is still a popular choice for all kinds of solid-state femtosecond laser. [1] [2] [3] [4] Later a chirped Bragg reflector was used, in which the thickness of the layers in a quarter-wave high reflector was increased gradually with increased depth of the coating. 5 In chirped Bragg reflectors, dispersion can be achieved by making the depth of penetration of the optical wave increase with wavelength, so that the variation in optical delay comes from the variation in the transit time. The straightforward chirping of the Bragg period in chirped reflectors makes undesired Gires-Tournois resonances, but these resonances can be controlled by modifying some of the layer widths. The usual method for modifying the layer widths is to use computer optimization, but some progress toward more general design rules has been made by making the coupling coefficient vary with depth as well as the Bragg period. It has been found that, by chirping the width of the high index layers as well as the Bragg period, these unwanted resonances can be reduced. 6 At 800 nm, the material dispersion of sapphire is approximately 56 fs 2 ͞mm. In standard laser cavities, there are two passes of this length per round trip, and Ti:sapphire crystals are available in lengths ranging from 2 to 20 mm. Therefore the typical requirement for material dispersion compensation ranges from 200 to 2000 fs 2 . Because of self-phase modulation, additional dispersion compensation is required, the level increasing with the pulse power. The Gires-Tournois mirrors can supply this large dispersion, but they are not able to fit precisely with the material dispersion that needs to be canceled. The chirped mirrors can match the dispersion of the cavity, but the dispersion per bounce is too small. 7 The situation with the double-chirped mirror is similar to the original chirped mirror. In the example with the 6.5-fs laser, a prism pair was used to cancel the major part of the dispersion. 8 It seems there is still an unsatisfied demand for highly dispersive mirrors whose spectrum can be precisely engineered.
In all the research described above, the refinements to the initial guess can be made by defining a merit function that quantifies the deviation of any design from the ideal delay or GDD spectrum, and then by directly modifying the layer thicknesses of the multilayer to improve the figure of merit. The use of optimization on a merit function that contains the ideal spectrum is the standard method for all optical coating design problems 9 and can also be used for the design of dispersive mirrors. 7, 10 This approach has been used with success, but since it defines the independent parameters in the search space to be the layer thicknesses, it has many more parameters than are necessary or natural for the problem. When one layer thickness is changed, the entire spectrum is modified, but it is only a comparatively narrow band that contains the spectrum of the short pulse that is important. As the coating becomes thicker, the direct approach becomes increasingly time-consuming. If waveguide structures ͑which can be hundreds of wavelengths in length͒ are to be designed, this direct approach may become impractical.
The Fourier transform method is an example of a direct approach to the synthesis problem [11] [12] [13] [14] that does not suffer from the inconvenience often encountered with the methods that use optimization. It has recently been used in the design of dispersive mirrors. 15 Although the idea is attractive, it relies on an approximation that can lead to results that would not be useful for high precision applications. The method uses the Born approximation, which is familiar from quantum scattering theory, in which multiple reflections are ignored. Within this approximation, the refractive-index profile and the spectrum are related by a Fourier transform. Since the inverse of the Fourier transform is easily performed, the inverse problem can be solved and allows a direct approach to the synthesis problem.
Although the approximation made in the Fourier transform technique simplifies the method, it is not a necessary simplification, because the exact methods have been known for some time in the theory of inverse problems. 16, 17 These methods are not as familiar as Fourier transforms, but they are similar in concept to the Fourier transform and are just generalizations of this most popular of mathematical transforms. Another more serious problem that appears in any design method that uses inverse methods is the regularization problem. Often the system with the ideal spectral characteristics turns out to be unrealistic to make, as it calls for refractive indices that cannot be realized, or a multilayer that is too thick, or is impractical for some other reason. Another problem is that the inverse problem is underdetermined, as the application calls for a specific spectrum over a limited spectral range, but the entire spectrum needs to be specified to determine the corresponding refractive-index profile. The regularization problem and the underdetermined problem are related, given that a solution to regularization applies new constraints that reduce the number of possible solutions. There is, of course, no general or complete solution to the practical problem described above.
In this paper we do not try to pose the design problem as a classic inverse problem, instead we use the exact methods from the theory of inverse problems to aid in the search for a practical solution in the design of dispersive mirrors. In Section 2 we describe the details of our method, including the approximation of the graded index by the Herpin equivalent. The mirrors were made by ion-beam sputtering. Details of the fabrication and measurements of the resulting mirrors are given in Section 3. Finally, the mirrors were used in making two Ti: sapphire femtosecond lasers that are described in Section 4.
Design of the Mirror
Since the problem is one of optimizing the spectrum, it might be a good idea to identify features in the spectrum and optimize these to the delay equalization problem found in ultrafast optics. This route is possible if the multilayer corresponding to the optimized spectrum can be found ͑i.e., the inverse problem͒. We have found features that characterize the delay spectrum, but that can also be connected to the closed-form analytic solution of an inverse problem. We found it useful to define the optical input impedance, the normalized ratio of optical electric to optical magnetic fields. This is related to the reflection coefficient ⌫ as
where k ϭ 2͞. In the working bandwidth of an ideal dispersive mirror, ͉⌫͑k͉͒ ϭ 1. The group delay is defined as
And so, over the stop band, there are often several wave numbers for which ⌫͑k͒ ϭ 1, defining a pole in Z. For a constant GDD, the phase arg ͓⌫͑k͔͒ is a quadratic function of k, and the density of the poles on the axis ͑number of poles per unit ⌬k͒ increases linearly with k. Our starting point can be any semi-infinite periodic structure. Such structures always have some region of unity reflectivity. We used a simple quarter-wave stack of high and low indices illustrated in Fig. 1 . The stack itself would have only one pole, but to improve the resolution in the following refinements we added a uniform length of 2.64 m. Adding this uniform layer makes a structure with two poles in the stop band, as shown in Fig. 2 . The system of Fig. 1 is called the auxiliary system, and it is related to other multilayer systems with the same spectrum except for the strength and location of these poles. One can move or modify the poles in strength by first subtracting the poles from the auxiliary system and then adding the same number of new ones with a modified location k m and strength m Ϫ1 :
where Z aux ͑k͒ is the input impedance of the auxiliary system shown in Fig. 1 , k m represents the location of the poles, 1͞ m represents their strength, n͑0͒ is the index of refraction at the surface of the dielectric, and the tildes represent the new ͑modified͒ quantities. Equation ͑3͒ shows that the operation of moving or modifying the strength of the pole will modify the impedance by an imaginary number only. If k is within the stop band, Z aux ͑k͒ has no real part, and modifying the poles will have no real contribution. Therefore the new impedance Z also has no real part, and, from Eq. ͑1͒, ͉⌫͑k͉͒ ϭ 1. Equations ͑1͒ and ͑3͒ show that modifying the poles will not change the width or location of the photonic stop band, which is one of the most convenient features of the spectral approach to the design of dispersive reflectors. The design problem calls for high reflectivity over a specified wavelength range and a certain delay spectrum within this range. The reflectivity stop band is determined solely by the choice of auxiliary system. The changes to the poles are made to optimize the delay spectrum only. In this way the reflectivity part of the design problem is decoupled from the delay part. This decoupling has been noted before and used to advantage in research on the design of dispersive waveguides. 18 It should be noted at this point that the simple quarter-wave stack of high and low indices of Fig. 1 is not appropriate for ultrabroadband dispersioncompensating mirrors. To obtain bandwidths much larger than 100 nm, a different auxiliary system having a broader reflectivity bandwidth would need to be used. On the other hand, mirrors for 10 -100-fs pulse systems could benefit from mirrors with a narrower bandwidth but higher levels of GDD. This would reduce the number of mirrors required in the laser cavity, simplifying construction and alignment. With fewer mirrors in the cavity, there is a potential to reduce cavity losses, provided the loss per bounce is not increased by the high-GDD design.
Although modifying the location and strength of the poles does not affect the reflectivity in the stop band, this modification has a dramatic effect on the delay spectrum, and we used numerical optimization to approach the desired spectrum. As the poles are modified, the corresponding multilayer becomes distorted from its original shape. Practical limitations set upper and lower limits on the refractive index that can be realized, so the extent to which the poles can be modified is limited by the maximum and minimum refractive indices in the corresponding multilayer. Therefore during the optimization it is necessary to reconstruct the corresponding multilayer at each step. We added a large penalty to the merit function whenever an index limit was exceeded.
Reconstruction of the modified index profile is not numerically difficult. For each point in the multilayer it is necessary to solve a 2M ϫ 2M linear system ͑M represents the number of poles moved͒. The elements of the matrix include the exact solution of the auxiliary system ͑available from the transfer matrix method͒ and the modified location and strengths of the poles. The details of the reconstruction method can be found in Ref. 19 , the result of the reconstruction is shown in Fig. 3 , and a summary of the spectral data of the auxiliary and optimized systems is given in Table 1 . The solutions give graded-index multilayers, as modification of a pole at k tends to add quasisinusoidal oscillations of spatial frequency 2k superimposed on the auxiliary system. The optimization stops when the index limit is exceeded. To improve the performance of the design, we found it was an advantage to add poles from higher-order stop bands. These changes have no effect on the spectrum in the first stop band but have the effect of making the index profile flatter at the tops and bottoms, which relaxes the index contrast constraint somewhat. We added changes at optical frequencies of the order of 3f 0 ͑ f 0 is the 380-THz center optical frequency͒. The perturbation to the refractive index is similar to a square wave as approximated by the first two terms in a Fourier series.
Another feature that helped to relax the index contrast constraint was the use of an antireflection layer at the top of the multilayer. The auxiliary system ͑Fig. 1͒ by itself has undesirable variations in the group delay near the poles because of the large reflection from the air-dielectric interface. A quarterwave layer of SiO 2 was added to the top. Some variations remain in the auxiliary system because the index of refraction of SiO 2 is not ideal for antireflection ͑as shown in Fig. 4 , in the plot of the delay of the auxiliary system͒, but the remaining errors are taken up in the optimization to get the desired dispersion spectrum. Figure 4 shows the delay spectrum of the auxiliary system and Ϫ1 times the delay spectrum from 4 mm of sapphire, which is the spectrum needed for the compensation of material dispersion in this case. Note that there is a free parameter in this optimization. Inasmuch as the reference plane for defining delay is arbitrary, the target spectrum ͑the delay of sapphire͒ can be displaced by an arbitrary constant. The GDD spectra of the 4 mm of sapphire and the optimized system are compared in Fig. 5 .
The auxiliary system has undesirable minima in the corresponding delay spectrum as a result of the imperfect antireflection properties of the quarterwave SiO 2 layer. Without the antireflection layer, the optical delay at the pole is proportional to the normalization constant or inversely proportional to the strength of the pole. 19 Therefore one can reduce the unwanted variations by increasing the normalization constants, which increases optical delay at the poles. As a result, the optimizer nearly doubles both normalization constants. The multilayer is to be dispersive with negative GDD, and so the delay at the lower optical frequency needs to be greater than the delay at the higher optical frequency, as seen in the optimized values.
Because of the negative GDD, the ideal multilayer needs to have the density of poles decrease linearly with optical frequency over the stop band. Our optimizer shifted the lower pole up by approximately 4 THz but shifted the upper pole down by 6 THz, which is consistent with the ideal. Trends in the thirdorder stop band are more difficult to understand, but the optimizer has modified the normalization constants by factors of approximately 2 or 3, which sug- Fig. 3 . Refractive-index profile of the optimized system, after the poles have been moved as shown in Fig. 4 and as summarized in Table 1 . Fig. 4 . Delay spectrum of 4 mm of sapphire ͑times Ϫ1͒, and the delay spectra of the auxiliary and optimized systems. The photonic stop band and the location of the poles before and after optimization are also shown. gests that they play a role in relaxing the index contrast constraint. We encountered two practical problems when fabricating the graded system shown in Fig. 3 . The first is that the theory has assumed a solution over the semi-infinite half-space ͑an infinitely thick coating͒. However, terminating the structure after 20 layer pairs of the auxiliary system maintained at least 99% reflection within the usable bandwidth inside the stop band, extending from 748 to 802 nm. The remaining 1% of optical power traveled a different path from the ideal semi-infinite case, but it did not significantly affect the delay spectrum. The choice of 20 layer pairs at 99% is arbitrary. As the number of pairs increases, the reflectivity tends to unity, in theory at least. In practice, the upper limit of the reflectivity is determined by the absorption losses of the materials used. The Ta-Si oxides made by ion-beam sputtering have very small losses, and other mirrors made by similar systems have reflectivities much better than 99% ͑it can be as high as 99.969%͒. 20 It is safe to assume that the example of the mirror in this paper would have much higher reflectivity if we simply increased the number of layer pairs and the overall thickness of the mirror.
The second problem was that the optimized multilayer of Table 1 consists of many layers having a graded index of refraction. However, this index of refraction profile was bounded above by 2.0504 and below by 1.4936. These are the values of the refractive index of Ta 2 O 5 and SiO 2 layers made by our ion-beam sputtering system. Layers having an index between these two extremes can be made by a series of thinner layers of the high and low index materials. Similarly, a graded-index profile can be simulated by first dividing the grade into thin layers of intermediate index and approximating each of these almost uniform layers with an appropriate system of high and low index layers. Our choice of equivalent system to approximate the intermediate index layers was the three-layer Herpin equivalent. 21 It can be shown that, for a single wavelength at least, this three-layer system can be made to have the same scattering matrix as a uniform layer of any index between the high and low index extremes. Since the Herpin equivalent is exactly the same as the original layer for a single wavelength only, we minimized our error by selecting the 790-nm center wavelength of the reflection band. The error introduced is negligible near 790 nm, but becomes greater at the edges of the band, as the use of 790 nm for the Herpin equivalent becomes inappropriate. However, for bandwidths of the order of 100 nm, this error was not a limiting factor.
The Herpin equivalent system sometimes calls for the three layers to be in the sequence H L H, and sometimes in sequence L H L. When a series of Herpin equivalents are put together, the pattern can have like layers adjacent ͑for example, two layers approximated as L H L L H L or H L H H L H͒. In this case, the center layer is joined to one, the new layer width becoming the sum of the first two. The whole multilayer was divided into 200 layers of equal optical length, and each one was replaced by the corresponding Herpin equivalent. The resulting binary multilayer ͑consisting of the two high and low index materials only͒ had 473 layers as well as the quarter-wave antireflecting SiO 2 layer. The minimum number of layers after dividing the grade into 200 would be 401, but the additional 72 layers come from changes in the sequences H L H to L H L and back again.
The total physical thickness of the binary multilayer was 7.278 m, and the average layer thickness was 15.3 nm. We calculated the reflectivity, delay, and GDD spectra of the binary multilayer by using the standard transfer matrix method. The results are shown and compared with the original graded index in Figs. 6 and 7. The effects of the finite width of the multilayer and the conversion to a binary material system can be seen as small departures from the optimized spectrum. These departures can be reduced by using thinner layers of material in greater numbers to make thicker multilayers.
As shown in Figs. 6 and 7, the design achieves unusually high levels of GDD for a multilayer coating. These levels are practical for the high level of Fig. 5 . GDD spectrum of 4 mm of sapphire ͑times Ϫ1͒, and the GDD spectrum of the optimized system. Fig. 6 . Optimized delay spectrum, and the delay and reflectivity spectra after the graded system was replaced by a Herpin equivalent ͑HE͒.
dispersion compensation needed in Ti:sapphire lasers. However, it is well known that there is a tradeoff between bandwidth and GDD, so to compare the design fairly with other results, a figure of merit involving the product of bandwidth with the GDD should be defined. If the bandwidth is given in units of optical angular frequency, it is evident from the definition of GDD that this product ͑figure of merit͒ is approximately the same as the total change of optical delay over the bandwidth. A survey of some recent designs 10, [22] [23] [24] [25] showed that this shift is typically of the order of 40 fs. We can see from Fig. 6 that our design is also in this range but is at a point on the curve having large GDD at the expense of bandwidth. On the other hand, to our knowledge there are no chirped mirror designs published that have comparable levels of GDD, and there are no Gires-Tournois mirrors that maintain linearity of group delay throughout the reflection band. We can recommend the use of our design when the high GDD is more desirable than an ultrawide bandwidth.
As pointed out in Section 1, there are two ways to achieve dispersion in a multilayer: the GiresTournois effect that causes differential delay by storing optical energy in a resonance at the red end of the passband, and the chirped effect that causes differential delay by varying the depth of penetration. As was the case in Ref. 19 , it is instructive to plot the optical intensity inside the multilayer for a few optical waves of various wavelengths having unit amplitude in the incident wave. Figure 8 shows the optical field inside our mirror at the blue and red ends of the reflection band. This picture shows that our mirror uses both of the above effects. We achieved the large GDD by allowing the longer wavelength light to penetrate deeper into the multilayer, resulting in delay from a longer path length, as was done with chirped mirrors. Second, the longer wavelength light undergoes some resonance, the optical field is 40% higher at a depth of 2.5 m in the multilayer, compared with the surface at which the wave enters. Figure 8 shows that the design is optimized in the physical sense because it makes use of both effects that can generate GDD.
Fabrication of a Dispersive Mirror by Ion-Beam Sputtering
An ion-beam sputtering machine ͑Oxford Instruments IonFab 300ϩ͒ with a 30-cm rf ion source, filamentless beam neutralizer, and load-lock chamber was employed to prepare the thin binary stacks of Ta 2 O 5 and SiO 2 designed by the Herpin equivalent method. In the ion-beam sputtering technique, argon ions were bombarded against either SiO 2 or Ta in an oxygen ambient. The beam causes the source materials to be emitted as secondary ions, and it also activates the ambient oxygen. The activated oxygen oxidizes the source material, so that only the oxides are found on the substrate. The deposition rate was 0.5 A͞s. The rate was chosen rather low to ensure sufficient transparency of Ta 2 O 5 . The deposition conditions are 90-mA ion beam current, 850-V ion acceleration voltage, 100-mA neutralizer current, 270-W rf source power, 7-SCCM argon for rf source, 6 SCCM for neutralizer, and 14-SCCM ambient oxygen. ͑SCCM denotes cubic centimeters per minute at STP.͒ The pumping system consists of a 2000-l͞s magnet suspended turbomolecular pump ͑Mitsubishi Electric FT2200W͒ and a double-screw-type dry rotary pump ͑Taiko Kikai TDN-050͒. This combination ensures an oil-free ambient atmosphere. Base pressure is 1 ϫ 10 Ϫ5 Pa. The machine is controlled with a windows-based IBM-compatible personal computer through a serial communication line. It reads a recipe file in which the kind of target, thickness, and maximum deposition time are described for each layer. Since the input of the recipe file is automatic, a design that calls for hundreds of layers is not less convenient than the usual design.
The thickness of each layer is controlled by a quartz thickness monitor ͑Leybold Inficon XTM͞2͒. However the delay of the interruption signal, or possible additional deposition after the ion beam is terminated, certainly causes error of deposition thickness for thin films. To calibrate the growth rates, we designed a rugate filter ͑Bragg reflector with a sinu- Fig. 7 . Optimized GDD spectrum, and the GDD and reflectivity spectra after the graded system was replaced by a Herpin equivalent ͑HE͒. Fig. 8 . Magnitude of the optical electric field inside the mirror at the two extremes of the reflection band. For both wavelengths the wave incident from the left-hand side has unit intensity. The short wavelength has the usual exponential decay in amplitude, but the long wavelength is delayed by both resonance and increased depth of penetration.
soidal index profile͒ using the Herpin equivalent method to simulate the graded index. The layers in the rugate filter had an average thickness of 18 nm, approximately the same as that called for in the dispersive mirror. The rugate filters were made using IonFab 300ϩ and the reflectivity spectrum was measured later. The deposition rates for Ta 2 O 5 and SiO 2 were set to unknown parameters in a simulation of the reflectivity spectrum. A merit function was defined by the rms deviation of this simulation from the measured reflectivity spectrum. The calibration of IonFab 300ϩ was set by optimizing this merit function: we used the growth rates that minimized the difference between the calculated and measured reflectivity spectra.
The results are shown and compared with the design in Figs. 9 and 10. The reflectivity spectrum was measured with an Hitachi U4000 spectrophotometer, and the delay spectrum was measured using an Optel optical dispersion analyzer ͑Model FTC-NL1͒. The principle of operation of the Optel instrument is Fourier transformed cross correlation, 26 which allows fast and accurate measurements. There are differences of approximately 5 fs between the design and the measurement of the delay spectra, and differences of as much as 200 fs 2 in the GDD spectra. Owing to the large number of layers, the average thickness of the layers is quite thin: 15.3 nm. This might suggest doubts that small errors in fabrication lead to large errors in the resulting spectra. On the other hand, precisely because the layers are so thin, it can be expected that large relative errors will be tolerated. For any structure having physical dimensions much less than the wavelength, the optical response will depend only on the index of refraction averaged over a distance that is some fraction of an optical wavelength. The layers in question are already less than 10% of the wavelength in the coating, and the exact location of the layer boundaries is not important. It is more important to have the appropriate average ratio of material Ta 2 O 5 to SiO 2 in the vicinity. To illustrate the point, we made a simulation of fabrication errors in which each layer in the original design was changed by a random amount. The error was set to Ϯ1.0 nm with a uniform distribution. Since the growth rate is only 0.05 nm͞s, such accuracy should be available with a system of this kind. The spectra were calculated 100 times with random errors until error bars for the design could be estimated. These are shown in Figs. 9 and 10 . The experimental results show that it is unlikely that the errors in the fabricated multilayer were caused by the random errors that are unavoidable even in wellcalibrated systems. Instead, it seems that our fabrication system suffers from some systematic error, perhaps in calibration or in the quartz crystal monitors. Errors in the measurement system could also contribute.
Use of the Dispersive Mirror in a Ti:Sapphire Laser
The laser cavity configuration is a typical X-fold. The Ti:sapphire crystal is 10 mm long. The dispersion compensator arm originally consisted of a LakL21 Brewster prism pair with apex-to-apex separation of 29 cm. When the prism pair was replaced by three negative dispersion mirrors, as shown in Fig.  11 , the total length of this arm was unchanged. The pumping laser was a Spectra-Physics Millennia. The mode locking was initiated by translating the end mirror. A lower pumping power was required for the laser made from the dispersive mirrors: the pump power was 4 W when we used the prism pair and 2.7 W when we used the dispersive mirror cavities. The mode-locked output powers for these two Fig. 9 . Expected delay and reflectivity of the binary multilayer compared with the measured spectra. The error bars on the expected delay ͑and reflectivity͒ indicate Ϯ1 standard deviation in the delay ͑and reflectivity͒ as a result of random errors in all the layers. The layer errors had a uniform distribution bounded by Ϯ1 nm. Fig. 10 . Expected GDD and reflectivity compared with the measured spectrum. The error bars show the standard deviation in the expected GDD with random layer errors as described in Fig. 9 . lasers were comparable: 200 mW when we used the prism pair and 170 mW when we used the dispersive mirrors. In both cases, the transmission of the output coupler is 5%.
With the prism pair adjusted to the optimum conditions, the power spectrum was 34 nm wide and centered at 800 nm. The measured pulse width was 34 fs. This is not a transform-limited pulse. However, with the five-bounce dispersive mirror, the spectrum was narrowed down to 19 nm, with the pulse width remaining relatively unchanged at 35 fs, which makes a time-bandwidth product close to the transform limit. The transform-limited pulse should be attributed to the perfect fitting in the group delay between the Ti:sapphire crystal and the negative dispersion mirrors. For a laser with dispersive mirrors, the width of the spectrum ͑and the shortness of the pulse͒ is limited by the reflection band of the dispersive mirrors.
In a second experiment, a shorter Ti:sapphire crystal ͑4-mm length͒ was used. The shorter crystal introduced less intracavity dispersion by a factor of 0.4. Considering material dispersion only, it would be expected that the new laser would need two bounces from the dispersive mirrors instead of five. In practice we found that a three-bounce configuration with external compensation of chirping gave the best results. This suggests that some of the positive dispersion comes from a source that differs from that for material dispersion of sapphire. This additional dispersion is probably from the nonlinear Kerr effect that simulates positive dispersion when the light propagates as short pulses ͑self-phase modulation͒. [27] [28] [29] [30] The spectrum and autocorrelation trace of the output are shown in Figs. 12 and 13. Assuming a pulse shape of sech 2 , the transform-limited pulse is 35 fs, occupying a spectral width of 19 nm.
The points that are 10% of the maximum of the pulse spectrum are at 772 and 815 nm. The average of this is 793, greater than the observed maximum at 789 nm. The spectrum rises more sharply at the shorter wavelength than at the long-wavelength side. This could be in response to the GDD spectrum, since the mirror approaches values of from Ϫ300 to Ϫ400 fs 2 abruptly on the short-wavelength side, but on the long-wavelength side, near 800 nm, the GDD wanders to approximately Ϫ100, which provides some compensation but not quite enough. The reflectivity, on the other hand, is above 99% from 747 to 808 nm. Therefore it seems that the pulse spectrum is limited on the short-wavelength side by the GDD spectrum. On the long-wavelength side, it is broadened by the wandering GDD, but it is not clear if it is limited by the GDD or the falling reflectivity.
Conclusions
We have applied methods from inverse spectral theory to the design of mirrors for compensation of group delay dispersion in femtosecond lasers. Poles in the optical input impedance that appear in the photonic stop band have been identified as the most important parameters in characterizing the delay spectrum. Moving these poles or changing their strength changes the delay spectrum dramatically without changing the location or bandwidth of the high reflectivity band. These properties make them convenient for numerical optimization, and our technique is distinguished from others by choosing these poles rather than physical layer widths in the multilayer as the independent variables in the optimization. It was an advantage to add poles from the third-order stop band as well. They have no effect on the spectrum in the range of interest, but they can reduce the required refractive-index contrast, one of the constraints in the optimization. The result is a design that has a GDD of Ϫ230 fs 2 with oscillations of Ϯ25 fs 2 over a bandwidth of 60 nm. The optimized poles call for graded-index multilayers, but we found that the grades could be approximated by binary multilayers ͑multilayers consisting of alternating two materials only͒, provided the layers are made thin enough. In our case the average layer thickness was 15.3 nm. The mirrors were made by ion-beam sputtering in the material system Ta 2 O 5 and SiO 2 , after calibrations based on the results of previous runs. The difference of the real mirror from the original design is in part due to the replacement of the graded index with the binary material system and in part from fabrication errors. The result was an overall increase in GDD, and a narrowing of the useful bandwidth of the GDD to approximately 30 nm. Even with these imperfections, the mirror could still be used to make a femtosecond laser with a transformlimited pulse width of 35 fs. The unique feature of the lasers made from these mirrors is that, even though they used longer sapphire crystals ͑4 and 10 mm͒ they needed only two or three mirrors for the group delay compensation, employing only three or five bounces. This permits a compact laser configuration to take up a space that is less than the size of a B4 sheet of paper ͑26 cm ϫ 36.5 cm͒. The fewer number of bounces results in smaller intracavity loss, which reduces the threshold pump power.
